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Mayer Expansions and the Hamilton—
Jacobi Equation. II. Fermions,
Dimensional Reduction Formulas
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We obtain estimates on effective actions for fermionic field theories by studying
the flow of a continuous renormalization group transformation. For bosonic
theories and statistical mechanics, we establish some new formulas for Mayer
coefficients which are consequences of dimensional reduction.
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1. INTRODUCTION

We continue an investigation started in ref. 1, where the renormalization
group, in the form of differential equations for the logarithm of a partition
function, was used to derive estimates on connected correlation functions.
These estimates were obtained by dominating the solution to the flow
equation by a corresponding solution to a Hamilton-Jacobi equation. The
limitation of this method was that the interaction was required to be boun-
ded and analytic in a strip. In particular, it does not work for polynomial
interactions.

In this paper we start to address this problem in two different ways.
The first is that for purely fermionic field theories the anticommutation
relations have the effect of making our requirements much less restrictive:
The second is that for bosonic field theories “dimensional reduction” may
offer a better way of dominating the flow equation by the Hamilton-Jacobi
equation.

For fermions, it is well known that the exclusion principle is tan-
tamount to the interaction being bounded, and, as a result, perturbation
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theory is convergent, provided it is organized by successive length scales.
This observation was used in Ref. 2 to construct the Gross—Neveu model
in the continuum. In Section 2 we use this boundedness to show that
fermionic differential flow equations for the renormalization group can be
written and solved by iteration in close analogy to ref. 1. Our estimates on
the effective action resemble results in ref. 2, but our derivation should have
some pedagogic value, as well as being more accurate. These estimates are
intended to be used as bounds on the irrelevant parts of the effective action
in studies of the renormalization group.

We now turn to bosonic theories and dimensional reduction. The flow
equations in ref. 1 have the form

oV 1
= =54V =7 >0 (L.1)

We solved this equation by bounding its solution by the solution of a
Hamilton—Jacobi equation
ov

1 77\2
= =+5 (VPP 1>0 (1.2)

The defect in this procedure is that equation (1.2) has the wrong sign and
develops singularities immediately if the initial data are given by Ag*, for
example. If, on the other hand, we could relate (1.1) to the solution of the
Hamilton—Jacobi equation

v
P (VVy, t>0 (1.3)
which has the same sign in its nonlinear part as (1.1), then we could hope
to extend our approach to theories such as A¢*. The dimensional reduction
formulas® express the solution of (1.1) as an integral (over initial data) of
solutions to (1.3). We call this the dimensional reduction isomorphism. It is
sometimes expressed in terms of integrals over classical actions, but this is
the same thing, since the classical action is the solution to the Hamilton—
Jacobi equation. Unfortunately, the dimensional reduction formulas are
only known to hold to all orders in Feynman perturbation theory. Despite
progress in ref. 4, there are as yet no cases other than Gaussian for which
the complete isomorphism has been established nonperturbatively.” Indeed,
the formulas have false implications for the Ising model.*®

2 See the remark below Eq. (1-5) of ref. 4.
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In Section 3 we show that dimensional reduction aiso holds within the
Mayer expansion. It implies some new formulas for the Mayer coefficients.
This at least establishes the isomorphism for systems for which the Mayer
expansion converges. To establish these formulas for field theories with
more general interactions will require more work, but our present results
may well be useful for the dipole gas® and the Kosterlitz—Thouless
transition.

2. FERMIONS

We begin with a review of Berezin integration and Grassman
algebras,” followed by the renormalization group and flow equations in
this setting. Our main result is Theorem 2.3.

2.1. Grassman Algebras and Berezin Integration

Let ¢ be the algebra over C whose generators are y/,..., /,, with the
anticommutation relations

Y+ yy=0 Vi j=1,.2¢

We shall sometimes label the generators as /..., ¥, ¥1,.., Y. An element
of this algebra has a unique expansion of the form '

2g 1
F= Z ‘N—' Z Inliyses iy) '//il e 'ﬁiN
N=01"" i, iy=1,.2g
where the N =0 term is understood to be a complex number f,, and for
each N=1,2,.., 2g, fy is antisymmetric.

We define partial derivatives 0/0y; by demanding that oy /0y, =4,
together with the requirements that 4/0y,; be linear over C and an
antiderivation on ¥, i.e.,

5, 0 3
—_ AB — _A B _ldegree(A)A_ B
a5, 4P =(54) 5+ (1) TR
for A and B monomials in . Then we can rewrite F as a “Taylor series”:

& 0 0
F(l//)zNz‘omi, iu<m”‘Wi1F>w=0wil”.wm

.....

Note that /¢y, and 0/0¢; anticommute. We can rewrite this more
compactly:

Fiyy= ) d'FO)y’

822/51/3-4-8
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Note that &/ is antiordered relative to ¥’. We shall fix the convention that
¥’ is ordered with largest index to the right.
The Berezin integral of F is defined by

szf(l, T, 29 25--'>g= g_)

Thus, [F is the top coefficient of F, with a convention on the order of
indices to fix the sign.

Functions, in particular the exponential and the logarithm, are defined
by their Taylor series about the N =0 term. Thus, if we write F= f,+ F|,
where F; has vanishing N =0 term, then

el =eflefl = ¢ i i(Fl)f
j=oJ!
F
log F=log(f,+ F,)=log f, + log (1 +}7)
0

& N AN
e 5 v ()
ng j§1( )J<f0

One can only define log F if f, # 0. Both these series terminate after a finite
number of terms because F¥ =0 if p>2g, since by the anticommutation
relations, we have y?=0if p=2,3,....

2.2. Gaussian Integrals

For any 2g x 2g matrix A4 of the form

~ (0 —A4
A =
(4 )
where A4 is a g x g symmetric and invertible matrix, we define the Gaussian
Berezin integral { du F by

J du P~ [ texpl— 1720 20)) F [ expl~ 1/2020)
The denominatqr does not vanish, because
f exp(—1/2yAy) = Paffian A

=det 4#0



Mayer Expansions and Hamilton-Jacobi Equation 439

Let C=A4 'and C=47, so that

~ 0 C
e=(Ze o)
If we set &= (Y, ¥,) and &= (Yq,..., ¥5), then WAy =EAE This is the

more standard type of notation.
The gaussian integral of Fe % can be evaluated using

j du S = Pfaffian C's

= det CS

Cy is the |S|x|S| matrix obtained from C by deleting all rows and
columns whose labels are not in S, and Cj is obtained by writing each
element of S in the form 7 or =i+ g, where i=1,.., g, and then deleting
rows of C if they are not unbarred elements of S and columns if they are
not barred elements of S. The dimension Cgis 1 |S| x 1 |S]. If | S} is not even
or Cy is not a square matrix, | du y*=0.

Lemma 2.1. If C is positive, then

idet C5l < Max CI5V2
iorfe S
Proof. Suppose V, (-, is a finite-dimensional inner product space.
Gram’s inequality states that if f™,.., /™), g ¢™MeV and M=
(f™, g7, then

det M, 4| < (H S, 5] (e, g(‘”>>l/2
« B

Let A= {i:iorieS}. Let V=I/*(4) with inner product given by
fi8)=21;eafAC+el); g, We let ¢>0 to make the inner product
definite and take ¢ to zero at the end of the argument. Apply Gram’s
inequality with f{®' =4, and g\ =0, ie., standard basis elements of
I(A), where o€ S and f e S. The lemma follows immediately. |

Proposition 2.2. Suppose C=C* —C~, where C* and C~ are
both positive and det C #0. Then

[

<(4 max CF)”
+.iorieS
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Proof. We write S as the union of two disjoint sets, S=S5,uUS,,

where §; contains only unbarred indices and S, contains only barred
indices. Then

= |det(C* — C ™ )sf

waﬁs

Z Z i det CI+)< J det C(TS']\I) % (SZ\-,)

1«8 Jc=§

<Y Y (maxCy)”
=8 J=$
by Gram’s inequality. We may assume that S contains equal numbers of
barred and unbarred indices, because otherwise jdu i =0. Therefore, S,
and S, each contain |S|/2 elements, and there are 252 terms in each
sum. ||

2.3. Renormalization Group, Flow Equations

Suppose V' is an even element of 4. We wish to study the following
nonlinear map from the even subalgebra of ¢ into itself, which we will call
a renormalization group transformation:

V() = (TV)(y) = _logfdu(lp')efwww)

V(y+y’) is an element of a Grassman algebra with 4g¢ generators
W1ses Yo and Yi,.., 5, but du(y’) is a Gaussian integral just over one
copy of ¢ inside this larger algebra.

The map T depends on the 4 and thus on C used to define the
Gaussian measure. As in th Bose case, there is a semigroup property

TC1+CZ=TC10TC2

In view of this, it is natural to consider T as built up from infinitesimal
transformations. If we introduce

Cron= f C(r) de 1)

where C is continuous in 7, then Trou1=Troq°Tpsw provided u <t <s and
each covariance is invertible.
If we define
0
Vi, y)=Tp,0 VOy)
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for some even V9, then V(t) satisfies

oV 1. =
E=§§ Cy(t)

V(t=0)=p©

( a*v oV 6V>

.oy, O, oy, 22)

The above flow equation is most easily derived by first proving that
F=exp(—V) solves
oF 1< » 0°F
—==YC,——
ot 255 Yoy, 0y,

using the definitions and integration by parts (ref. 7, 55) in analogy to
ordinary heat equation. Then set ¥'= —log F and use the “chain rule,”
which is valid for ¥ in the even subalgebra of 4.

2.4. Norms

We measure the size of C by introducing

ICly=sup Y ICyl =sup }. C,|
i J i J

. . (2.3)
Ot =] dr [4max C£(x)]"
s i+
The size of V' is measured by
1 I
Ve=msup Y 16,0 (24)
Sy
where N=1, 2,....
Theorem 2.3. Suppose V' is even and
vp)= Y V" (2.5)

N=1
has a nonzero radius of convergence; then:

(i) For t and |¢| small, v (¢) may be extended to a function v(z, @)
by solving

v . o 1 = ov\?
T 01107 %“"5 1C(o)Iy (%) (26)

(0, @) =v9(p)
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For all ¢ for which u(1, @) exists near ¢ =0, the flow equations have a
unique solution bounded according to

V(t)<on(t), N=1,2,.. (2.7)

where v,(1) is defined by

o0

o(t, @)= ), valt) @" (2.8)

N=0

(i) These bounds hold if

.. 12
k|4 [ 16N d| ko< 29)
0
where
K= sup [NV(0)]~ (2.10)
Nzl

The principle underlying the proof is the same as in the Bose case in
ref. 1. We convert the flow equation to a set of integral equations for the
Taylor coefficients of V. The integral equations themselves have numerical
coefficients which are Berezin integrals. These Berezin integrals are
estimated using Proposition 2.2, leading to a majorant set of integral
equations. We can then reverse the steps to go back to a flow equation in
one ordinary variable ¢.

Proof of Theorem, Part (i}. 1f we substitute the Taylor series for V'
into both sides of the flow equation and equate coefficients of ¥* for each
K, the flow equation becomes a finite set of ordinary differential equations
for the coefficients. Standard existence and uniqueness theorems apply and
tell us the solution is unique.

To obtain bounds, we rewrite the flow equation as an integral
equation

V(t, )= o1 * V(O ¥)
e x oV (s) aV(s)
-3, 2 C5) e * < o0, o, >

This implies, by differentiating both sides and setting ¢ to zero, that

s, ¢=0)=jdu[,,0] KVt =0, ¢)

1 . | |
5| T E) T [ dury 00V, §) 70V (s, )
ij VA=V .¢
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where J=K\I and ¢'=4/0ys,. The + is determined by the subset I K.
(Recall that V' is even.) We convert this to an equation for Taylor coef-
ficients at =0 by substituting for V(s ¢) its Taylor expansion. We
abbreviate 05V(z, y =0) by Vi(t). We have

= Z VL(O)fdu[t,O] oyt

L>K

j dsz Col) Y T Vils) Vauls)

IeK L>rlu{i}
M>Jou{j}

x j diig, oy (870" 3700 ™) (2.11)

This set of integral equations for the coefficients V. generates a series by
iteration.

If the series converges, it converges to the unique solution. By
Proposition 2.2, the equations

Wi(t)= 3 V.0) ofy'™

L>oK

1 X,
5] sTIW T T

IecK—{i} L>lu{i}
Jbj  M>JU{j}
X Wi(s) Wy(s) oty —1-1i=2 (2.12)
generate a majorant series, i.e.,
WO 2 |V ()]

for all K, |K| > 1. We introduce

where

1
W) =N sup z W (1)

k  KKosk
K| =

and multiply both sides of (2.12) by ¢'*I~! We then sum over all K
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containing k, and then take the supremum over k. After a calculation given
in the Appendix, we obtain, for ¢ >0,

1 pe x 0
Wit @) <0(@+0000)+5 [ dsICS)y 2= wis, 0 +07,)  (213)
2 0 84)

If we integrate this inequality and set u(z, @)= ¢ do w(t, ¢), it becomes

1t 4
u(t, ) <0(9+ 0100 +5 | ds ICG),

2Jy
ou\?
X <%> (s, o+or,) (2.14)

By its construction, the infinite series obtained by iterating (2.14), with the
inequality replaced by equality, dominates the solution to the flow
equation in the sense Vy <uy, N=1, where u,, is defined by

u(t, p)= i un(t) "

N=0

Since (2.14) corresponds to the differential equation

ou | 6u 1 2
at 0'[:0]a || ()”1( >

u(t =0) =0
we are finished with the proof of part (i).

Proof of Theorem, Part (ii). By definition of K, the initial data given
by v'%(¢) are majorized by

o

1
0(0, p)= ). NKN Y= —log(1 - Ko)
N=

A short calculation shows that if we solve

2
%%V :% <g—‘:> ; w0, r)= —log(1—7r) (2.15)

and then define v(¢, @) by

ot ) =wlr. K@ +0)) =] K 1@l ds
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then v(z, @) solves the equation in the theorem:
L O
v(0, ) = —log(1 — Ko)
The solution of (2.15) is
w(t, r) = —log(1 —ry) ——2—IT (r—ry)?

where r, solves
1

1—rg

1
+—(V‘—I‘0)=0
T

Therefore, w is analytic near r=0 for 0 <t < 1/4 and the radius of con-

vergence is 1 —2 \/; In order that v have a finite radius of convergence in
@, we need

1—(41)2 > Ko,

which is the same as the condition of part (ii) of the theorem.

3. DIMENSIONAL REDUCTION

We shall prove dimensional reduction formulas for classical statistical
mechanics in this section.

We begin by stating a theorem, Theorem 3.1, that says that dimen-
sional reduction holds at each order in the Mayer expansion. A Mayer
diagram is the “sum” of infinitely many Feynman diagrams, so this is not
quite an immediate corollary of the results in the literature. Theorem 3.1 is
an interesting formula for the Mayer coefficients, which is reminiscent of
tree graph formulas already familiar in statistical mechanics.®"?) As we
shall argue, it is actually better, in that the tree graphs can be resummed to
the classical action. For those systems for which the Mayer expansion
converges, in particular, classical statistical mechanics with positive-definite
short-range forces, a dimensional reduction formula for the logarithm of
the partition function (Corollary 3.2) can then be proved, at least at low
activity.

Let v;, 1 €i< j< N, be arbitrary numbers. The standard identity used
in high-temperature expansions is

eXP<—ng>=H[exp(—v,-,-)—1+1]=z [1 Cexp(v;)—11 (3.1)

G ieG
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where G is summed over all subsets of
Goax = {1 1<i< j< N} (3.2)

ie, (Mayer) graphs on N vertices {l,., N}. The connected part of
exp(—2 v;) is defined by

[exp<~z v,-j>l= Y 1 [exp(—vy)—1] (3.3)

G connected e G

where G connected means G is a connected subgraph of G, that meets all
vertices. A free graph T is defined to be a connected graph with no loops.

For each v, let there be given a C ' function #,(u), u>0, with the
following properties:

(1) 30)=v, allij

(2) v u)—>0 asu — o (34)
L0 ..

(3) o= 5 0y is integrable

In the sequel, 3, 7} will also denote functions on R* x R* by setting

ifs

Uy= ﬁij((zi_ Zj)z)

where z,, z; € R? and (z;,—z;)? is the squared Euclidean distance between z,
and z;.
J

Theorem 3.1.

e RO E e

R AN
(b) =n$1$zré—|L <;> d"z
X(Z 11 ﬁ;) exp<—z 5k,>

where 9;=,((z,—z;)*) and ¥;=10}((z,—z,)*), and | d"~'z is integration
OVer z,,.., zy € R? with z, =0; the limit as Q increases is taken over Q
running through a sequence of spheres in R? of increasing radius, || is the
area of @, [, d"z is integration over z,,.., zy€ 2, and T is summed over all

tree graphs.
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Note that the integrand on the right-hand side of (a) is integrable
because

[z }17;-1-(22)|=an du |5(u)| < oo (3.5)

The proof of Theorem 3.1 is postponed until the end of the section.
We shall apply this theorem to the grand canonical partition function

o0 QﬂN
Z=Y —\|d%e"¥
voo M J
where

1
VN= VN(xl’-", XN) ZEZ U(xia xj)

Lj

and u is a finite measure on a single-particle state space 4. For simplicity,
we shall assume

{4, u) is a discrete finite space

(for example, a particle that can occupy one of finitely many sites in a lat-
tice and have one of finitely many charges). These assumptions mean that
v(x, y) is a finite matrix. We assume

v is positive definite

v is defined, using an operator notation in which v is a matrix operator and
7 an integral operator with matrix indices, by

b=dn(I®v '+ (—4) Q1) > (3.6)

or, more explicitly,
~ [ 1 ik(z — 2z’ 2 —1y-2 ’
#(x, z, x', z )—_—;.fdke‘ Ok o) " (x, X))
= [Tdre e (e (x, x) (3.7)
0

where functions of v are in the sense of operator calculus. The second
representation is derived from the first using

A*zzro dt te=
0
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The second expression for # enables us to check (3.4).¢7%) It shows
that 7 is a function of (z—z')%. In particular, we can calculate i". We will
use the notation

X=(x,z)
We find
¥ (% ;z')=j°° i —L o= (o= 1)
s 0 —4[ )
1 2, ,—1y—1 1y pikiz —2')

=—Z;jdk(k 1o ) x, x)e (3.8)
or, as operators,

7= —m(—AQI+I®v™") " (39)

Since ¥ is positive-definite and regular when z~z', we can construct a
Gaussian process ¢(X) with underlying probability measure dP such that ¢
is almost surely continuous in z and its covariance is . Then

[ap@rexp i % o) |=espl~Puin 2] (310
k=1

where

N —

Therefore, Theorem 3.1 says
nY .
[exp(—Vn)]e= hfjlw @JdP(QD J <;> d"z

(Z I1 y) [Texplip(x,)] (3.11)

T jeT

Estimates in the proof of Theorem 3.1 show that the limit as Q| — oo is
attained uniformly in ¢, so we can interchange the limit and dP integral.
We combine this with the Mayer expansion

N
log 2= - [ ¥ (e~ *),
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and interchange the sum over N with the limit and the dP(¢) integral to
obtain

log Z= lim —l—jdp(q))F(Q,cp)

2] - |2
where
QﬂN N
F(Q 9)=n Y 5r | @i Y, T1 5, [] explio(%,)]
- e T ifeT k=1

| Y (3.12)
dii(x) == du(x) dz

The interchanges of sums are justified, along with the use of the high-tem-
perature expansion, by the estimates

fd”ﬂ T 15,/ <CV )@, #of trees = NV=2 (3.13)

ijeT

which prove that the series for F converges absolutely if |#] is small. The
first estimate is easily derived® from the integrability of #(%, 7) in . The
second is Cayley’s theorem.

Finally, we note that the series for F is a sum of Feynman diagrams
that are tree graphs and it is well known®* that the sum of tree graphs is
a power series in z for the corresponding classical action, which in this
case is

S(2. 9) =3 wK(go)+ 2 [ du [ dzexp{ilpoS)+0(D)]}  (14)

where ¢ is “classical field,” i.e., the function ¢,(X) for which the right-hand
side is critical, and K(¢,) is the bilinear form associated with the inverse of
— ", If we integrate the variational equation for ¢, against the kernel &', we
obtain an integral equation. By solving this equation on L_(2x N,
dz x du) using the contraction mapping principle, we find that ¢, exists and
is unique and analytic in & for |%| small. Therefore, F(£, ¢) exists and
equals the classical action. From (3.9)

nK(p)= [z ¥ V.01 + [ d T ()0~ '(x, y) o) (3.15)

In the second term X = (x, z), J = (, z), i.e., the z coordinates are the same
in ¥ and j.
We have proved the following theorem.

3 See also ref. 1; cf. the remarks following Theorem 2.4.
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Corollary 3.2. For & sufficiently small

log 7= lim, = f dP(g) < K(@)

+Z f du JQ dz exp{i[ @o(X) + @(x)]}>

where ¢, is the critical point for the quantity in brackets.

Proof of Theorem 3.1. This proof is inspired by somenarguments in
ref. 11.

It is enough to prove this theorem for 7 an infinitely differentiable
function with rapid decay for all derivatives at infinity, because we can
approximate both sides by such functions.

Let 0,,..,0y, 0,,.,0, generate a Grassman algebra with Berezin
integral denoted by [d"~'0(-)=[d0,df,---dbydd, (-). (These ideas
were reviewed in the last section.) Then

o (<) (- 1) far e
X {exp [—Z Dylz+ Gyei,)]}c (3.16)

where z;,=2z,~2z,, 0,=6,—0,, z,=0, 8, =0, =0. This is a consequence of
the following lemma.

Lemma 3.3. Let g(u,,..,u,) be infinitely differentiable and
exponentially decaying at infinity; then,

fd”‘lszN‘IB @ity t1p) = (— 1)V 1 (0)

where u,,..., u,, are arbitrary bilinears of the form

Z(ZAUZ]'I"GA 6.)

gvj

with A positive-definite.

Proof of Lemma 3.3. Substitute into the left-hand side

8041 tsg) = [ dMk G,y pg) expli(k - u)]
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with each k,, i=1,.., M, integrated along a contour that is an imaginary
displacement of the real axis. This manifests decay in z, so that we can
interchange the k integrals with the | 4"~ 'z [ d¥~16. Now use

JdN‘Iz J 4”19 explilk - u)] = {j d¥ 'z explik - u(z)]}

X {j PARY: exp[ik'u(G)]}

[where each component of w has the form u(z)=3 z,4,z;, u(f)=

¥0,4,6,]
=(27)" ' det~(—k-A/2) det(k - A)

—(—m"!

SO

Jd""lz f dV 710 g(uy ey Uyy)

= (=m)" [ @Mk gl fepg) = (=) (0)

which was to be proved. J

Proof of Theorem 3.7 (continued). Set C=(—1/n)"~'. We have

eo( )]
- cj {exp[——z 522+ 0, 9,,)]}

=Cc Y jﬂ{eXp[ A22+8,0,)1—1)

G connected = jeG

=c ¥ T [ II {ewl-501-1)

G connected Ha G~ ije G\H

X H ({exp[ =028, 1} [ —D3l27)) 0110ri]) (3.17)

kie H

In this last equality ‘we expanded exp(—#) —1 in a Taylor series about z},
regarding 0,0 5 as the perturbation. The Taylor series ends after two terms
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because 0,0,=0. The Taylor expansion was followed by expanding the
product:

[T 4,+B,)=Y [] 4, [] B«

jeG HcG ije G\H kie H

The Berezin integral [ @~ '6 is now performed. First we note that { 4V ~'0
annihilates any term for which H is not a tree that connects all vertices.
For example, if H contains a loop L, then the variables 0,,, kle L, are not
linearly independent (recall that 8,=60,—90,), so 8,, kie H, are not
linearly independent and

j d¥=20 ] 0,0,,=0
kic H

If H has no loops, but fails to connect all the vertices, then H has strictly
fewer than N —1 lines (the number of lines in a connected tree graph on
{1,.., N}), and so
de—le [T 6:0u=0
kie H
because there is no 2(N — 1)-order term in the product. Thus in (3.17) we

can assume that the sum over H is over connected tree graphs.
Now we claim that if H is a connected tree graph, then

de—IO l_[ gk19k1= 1

kie H
To see this, note that for i=2,.., N

Y O

Jk e P(i)
where P(i) is the unique path in H that joins i to 1. By relabeling vertices,
we can put the linear change of variables into a lower triangular form and
see that the Jacobian is +1. When the same change of variables is applied
to the &’s, we obtain an overall Jacobian of 1. Then the claim follows from
the Berezin change-of-variables formula.

These assertions, taken together, show that (3.17) becomes

[exp(—ZvU):‘ =Cc Y Y Jd”'lz
x [T {expl—84z5)1—1}

ife G\T

x [T ({expl—04(z5) 1} [ —iz3)])

ijeT
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Now we interchange the sums over G and T and use
Y I1 [exp(—ﬁi]«)—l]zexp<— Y ﬁ,j>
GoT ijeG\T € Gma\T

which is (3.1) with G_,, replaced by G, \T. Note that if G> T, it is
connected, so that a sum over all connected G > T is an unconstrained sum
over G\T. Thus, we obtain

[exP<_z )] CZJ"N‘ exp(— 7,

ije Gmax\ T

x [] [exp(~8)1(—5)

klieT
and when the products are combined, Theorem 3.1, part (a), is proved.

Proof of Part (b). By translation invariance in z we can average the
result of part (a) over z, in some region Q in R? without changing it, i.e.,

[exp (“Z%)]c:ﬁ ZleQdNZI
() Ens)ee(zu)

The difference between this and the result in part (b) is

where

IQIJ d¥z I

where
R={JR, R,={z,€Q, z;eR\Q}
Divide £ into a smaller concentric sphere 2’ and a shell S in such a way

that as we take Q increasing to all of R |S]/|2]| — 0 and d= dist(Q’, Q)
— 0. We have

ol ek [ e

1
+— | dz av 1z 71
'Q|J 1le2le|>4

822/51/3-4-9
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The first term tends to zero as || — co because |S|/|Q] — 0. The second
term goes to zero because it is less than

J d¥ 1z I(0, z5,..., Zx)
23] > d

We have used the fact that [ is integrable in z,,..., z, uniformly in Q. |

APPENDIX. DERIVATION OF (2.13)
For the first term on the right-hand side of (2.12), (2.13), we have

S VL H K S NN |V, gt T KK

LoK Kak LoK
— Z |VL| Z UILI—IKlqolKl—l
L3k Kak
Ka L
= Y v ¥ eIIKIgK
Lak K<L

[where L'=L—{k}, K'=K—{k}]

=Y Ville+0)"'<v'(p+0)

Lak

by the definition of v’, since |L'| =|L| — L.
For the second term we have to examine

1 -4
EJ ds Y 1C,l Y Y Y W.Wy
0 ek Kok Ik L>lu{i}
M=J0 (G}

x gL+ 1Ml =2 =11 —1J|

P! (A1)
There are additional constraints, 181, J# j, i, j #k, and J = K/I, which we

are not writing in, but which should be kept in mind. We recall that X is
the disjoint union of I and J, so that

XX O=Y Y O+x X0)

Kak IcK Iak JoI Jak [=J*°
<L 2XO+X X0 (A2)
Isk J Jak 1

We substitute this into (A.1) and obtain two expressions corresponding to
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the two terms on the right of (A.2). The first is, after interchanging the J
and M sums,

jdszw,,‘ y Oy ow

Isk LoIul{i}

b2} =

1% Z WM Z O_ILI+|M|42~|1\A|J|(p]l|+fJIAl

M>j JeM

We can do the sum over J using the binomial theorem

Z IO.||M'I-IJ1q)|JI =(o+ ¢)¢M

Jo M

with M’ =M — {j}. Then we estimate the sum over M using the definition
of w(t, @) =w(¢p). The result is

%fo sYICH Y Y Woat=1 gl =1y + g)

i Isk L>1u {i}

Now do the sum over J,

jdsucn YY Y Wt lyip 4 o)

i Isk Loru{i}

=2 [as1en, T W

Lak
X 2 z 0-|L|*1'V|(plllflw((p+o-)
iel—{k} I3k
Ie L—{i}

(the sum over [ is done using the binomial theorem, as above, then the sum
over i)

=2 [ @181 T WL - 1)+ 9) 2w +0)

Lak

<3 [ @181 | w0 +0) | wio+o)

When we remember that this is half of (A.l) because we have an equal
contribution from each term on the right of (A.2), we see that we have
proven (2.13).
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